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Abstract 

The original problem of phyllotaxis was focused on the regular arrangements of leaves on mature stems represented 
by common fractions such as 1/2, 1/3, 2/5, 3/8, 5/13, etc. The phyllotaxis fraction is not fixed for each plant but it may 
.undergo stepwise transitions during ontogeny, despite contrasting observation that the arrangement of leaf primordia at 
^ shoot apical meristems changes continuously. No explanation has been given so far for the mechanism of the phyllotaxis 
D transition, excepting suggestion resorting to genetic programs operating at some specific stages. Here it is pointed out 
that varying length of the leaf trace acts as an important factor to control the transition by analyzing Larson's diagram 
lof the procambial system of young cottonwood plants. The transition is interpreted as a necessary consequence of 
geometric constraints that the leaf traces cannot be fitted into a fractional pattern unless their length is shorter than 
.the denominator times the internode. 
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• 2 1. INTRODUCTION 

, The spiral arrangement of leaves on a stem, phyllotaxis, 
O is represented by the fraction of the circumference of the 
c/J ,stem traversed by the spiral in passing from one leaf to the 
^^next. Braun and Schimper discovered that leaves are lined 
lip in ranks parallel to the stem so that th e fraction is l it- 



i__ierally represented by a common fraction (|Braunl (|l835l )l 
'In a 3/8 phyllotaxis, for instance, every eighth leaf comes 
' ' over one below it after three turns of the spiral, so that 
eight straight ranks are visible along the stem (Fig. [T|). 
To this day, the following list of the most common frac- 
7—< |tions has been circulated in books and websites for non- 
specialists; 1/2 for elm, lime and linden, 1/3 for beech and 
psj hazel, 2/5 for oak, cherry, apple, holly and plum, 3/8 for 
T-H poplar, rose and pear, 5/13 for almond, etc. Such corre- 
spondence tables seem to hav e existed already in the mid- 
die of the nineteenth cent urv (iHeiifrev ( 1870l) ). Sometimes 
E> willow is listed in 5/ 13 ( Coxeted ( 196ll) l and sometimes 
in 3/8 ( AdamI (|2006r )). As a matter of fact, it had been 
remarked since early times that even an individual plant 
d sometimes ma kes transitions between different fractions 
( BraunI ( 18351 )). Therefore, the phyllotaxis fraction is not 
a determined characteristic of each species. Most notably, 
LarsonI ( 1980h has revealed the manner in which the vascu- 



lar system is rearranged through the phyllotaxis transition 
by mapping arrangement of the leaf traces, the portion of 
vascular bundles of leaves that resides in the stem (Fig. [2]). 
By contrast, it has been commonly accepted that the ar- 
rangement of leaf primordia in the bud or at the shoot api- 
cal meristem does not conform to any fractional number; 



primordia do not appear as radial rows. The angular diver- 
gence between successive primordia stays close to a unique 
"ideal " angle of 137. 5 °, which is the g olden mean 0.3820 of 
360° (IChurchI (Il920l) : iRichaTd^ (Il95li) '). The golden mean 
is a mathematical limit of the sequence of the above frac- 
tions. Much attention has been paid to mathematics of 
these numbers and to mechanisms of leaf primordia for- 
mation by w h ich th e ideal angle is achieved and regulated 
( Adler et al. ( 199?! )). In contrast, the phyllotaxis transi- 
tion has been left unexplained without attracting interest 
from researchers. The fractional phyllotaxis and the phyl- 
lotaxis transition are two sides of the same problem. A key 
point noted in the present study is that phyllotaxis in the 
bud changes continuously whereas phyllotaxis on the ma- 
ture stem changes stepwise. Evidently, the arrangement of 
primordia at the apical growing point must be a determin- 
ing factor of leaf arrangement on the mature stem. But 
what causes the transition from 2/5 to 3 / 8, for instance? 



LarsonI (jl980[) has sug- 
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There must be another factor, 
gested that the transition is programmed in the plant to 
occur at specific stages of ontogeny. In another view, phyl- 
lotaxis of primordium formation and v ascularization are 
contro ll ed by some higher- level system ( Romberger et all 
(|l993h ). iKuhlemeieJ ()2007t ) remarks that virtually nothing 
is known about the molecular mechanisms that underlie 
the transitions between different spiral systems (e.g. 3/8 
to 5/13 patterns), except that larger meristems seem to 
have higher Fibonacci numbers. The present paper aims 
at pointing out that this phenomenon is consistently ex- 
plained by considering geometry of growing leaf traces. By 
means of a full quantitative analysis, which surely is not 
standard in this field of research, it is shown (1) that the 
positions of the phyllotaxis transition are located based 



Figure 2: Diagra m of the procam bial system of a typical Cottonwood 
plant compiled by iLarsonl l IlQSOl ). The vascular cylinder is displayed 
as if unrolled and laid flat. The ordinate is the Leaf Plastochron 
Index (LPI) for leaves, whereas the abscissa corresponds to the an- 
gular coordinate in a full turn about the stem axis. Each leaf is 
entered by three traces; a central (x), right (A), and left (A) traces. 
Phyllotaxis orders, 1/2, 1/3, 2/5, 3/8 and 5/13, are indicated by the 
right vertical axis. 



Figure 1: A young poplar in a 3/8 phyllotaxis with eight vertical 
ranks of leaves. 



on the angular positions at which leaf traces exit from the 
vascular cylinder and (2) that the phyllotaxis transition is 
caused as a necessary consequence of change in size of leaf 
traces relative to internode length. 

A caveat: this paper deals with the mechanism of the 
phyllotaxis transition in spiral systems. Although a com- 
mon keyword of "phyllotaxis" may suggest, it should not 
be confused with mechanisms of phyllotactic primordium 
formation, for which c onsiderable advanc es have been made 
over the last decade ( Kuhlemeieil ( 2007t) ). Models of the 
latter category deal with continuous changes of apical meris- 
tems, while they are not concerned with the fractional ex- 
pression of a phyllotactic pattern. 



2. MATERIAL AND METHODS 

The analysis is based on a diagram of the procambial 
system of a Cottonwood p lant (Populus deltoides) recon- 
structed by iLarsonl (|l980l) , which is reproduced in Fig. [5] 
The vascular cylinder is displayed as if unrolled and laid 
flat. The ordinate is the leaf plastochron index (LPI) for 
numbering leaves. Each leaf has three traces: central, right 
and left traces exit the vascular cylinder at positions de- 
noted by s ymbols x, A and ▲, respectively. For more 
details, see iLarson ( 19801 ) and references cited therein. 



By virtue of the convention to take LPI as the ordi- 
nate, the vertical scale of the diagram is normalized such 
that differences in height between two successive leaves, 
or internodes, are a unit of length in the vertical direc- 
tion. Therefore, the vertical component of a line segment 
in Fig. [5] represents not its actual length but an effec- 
tive length relative to the internode length, namely the 
length measured in internode units. Accordingly, vertical 
lengths of the leaf traces in internode units are directly 
evaluated by applying a digitizing ruler to the diagram. 
The lower end points of right and left traces are located 
without ambiguity, for they are connected to other types 
of traces. Lengths of central traces are fixed by decom- 
posing the whole pattern into clusters consisting of three 
adjacent traces, the right trace of leaf n, the central trace 
of leaf n + 2 and the left trace of leaf n — 1 , where n for 
LPI is an integer. For illustration purposes, the clusters 
from n = to 7 are shown in Fig. [S] The length of the 
leaf traces thus obtained is plotted against LPI in Fig. [31 
where reading errors are of the order of an internode at 
most. On the other hand, divergence angles are evaluated 
from the horizontal, angular coordinates of the exit points 
of the leaf traces denoted by the symbols. Evaluated angles 
show rhythmic, systematic variations around the "ideal" 
angle , which are typ ically observed in a quantitative anal- 
ysis ( Okabd ( 2012al )). The systematic variations, which 
are correlated with the angular positions, are suppressed 
apparently by deleting from the diagram a blank rectan- 
gular strip of a narrow width along the left ordinate. The 
width of the strip is determined so as to minimize the 
standard deviation of divergence angles for ten youngest 
central traces (LPI less than —6). Results for the diver- 
gence angle thus corrected are shown in Fig. S) The width 
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Figure 3: Vertical length of leaf traces in Fig.[2]is plotted against the 
Leaf Plastochron Index. Orders of phyllotaxis, 2/5, 3/8 and 5/13, 
are denoted at the same position as indicated in Fig. [2] See Fig. [2] 
for trace designations. The phyllotaxis transitions from 2/5 to 3/8 
and from 3/8 to 5/13 are caused by the traces indicated by a solid 
arrow and a dashed arrow, respectively. Horizontal dashed lines at 
5 and 8, separating the different phyllotaxis regimes, are drawn for 
reference sake (see Results and Discussion). 
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Figure 4: Divergence angle between the traces at LPI n and n + 1 
is plotted against LPI n. See Fig. [2] for trace designations. The 
inset shows the angle between the central traces at LPI n and n + 5: 
for ideal patterns of 2/5, 3/8 and 5/13 orders, it should be zero, 45 
and 28 degrees, respectively. The positions at which the phyllotaxis 
transitions from 2/5 to 3/8 and from 3/8 to 5/13 occur are indicated 
by solid and dashed arrows, respectively. 



ratio of the deleted strip is 0.023, whereby the standard 
deviation of the divergence angle is suppressed from 4.2° 
to 0.89°. The correction is made for ease of understand- 
ing implications of Fig. H) It does not affect the results 
discussed below qualitatively. 

3. RESULTS 

Results in Fig. [3] indicate that the three traces grow in 
length steadily all alike. Th is behav i or is consistent with 
other quantities reported bv iLarsoii (jlQSOh . According to 
Fig. El three traces at LPI 2 have almost the same length of 
about five internodes. This means that the traces at LPI 
2 extend down to the height of LPI 7 (see Fig. [5]). As indi- 
cated by the right ordinate of Fig. [21 the phyllotaxis order 
fraction changes from 2/5 through 3/8 to 5/13 as we climb 
up the stem, or as LPI decreases. The order fractions are 
indicated at th e top of Figj3| at the same LPI coordinates 
as in Fig. [5| by iLarson ()l980t ) . Horizontal dashed lines at 
five and eight internodes in Fig. [3] are drawn to separate 
regimes of different phyllotaxis orders (see below). 

Divergence angle between the leaf traces at LPI n and 
n+1 is plotted against LPI n in Fig.|4l The inset shows the 
angle between the central traces at LPI n and n + 5, that 
is, the net angle of inclination of 5-parastichies. The angle 
should become zero, 45 and 28 degrees for 2/5, 3/8 and 
5/13 ideal patterns, respectively; for instance, the ideal an- 
gle for 3/8 is 360 X 3/8 X 5 = 360 X 2-45, which is congruent 
to —45. The inset of Fig. |4| clearly indicates stepwise tran- 
sitions between the three distinct fraction regimes. Thus, 
the positions of the phyllotaxis transition are located based 
on the exit points, or the bases, of the leaf traces, i.e., with- 



out inspecting internal changes in the vascular structure. 
This crucial property for us is brought to light probably 
because the subj ect plan t s are g rown under controlled uni- 
form conditions (jLarson ( 1980l) . 

The cause of the transition is traced back by close in- 
spection based on the quantitative results. The transition 
from 3/8 to 5/13, indicated by a dashed arrow in the in- 
set of Fig. 21 is caused by an irregular decrease of diver- 
gence angle at LPI 2, which therefore is also indicated by 
a dashed arrow in the main figure. Similarly, a solid arrow 
in the inset indicates the transition from 2/5 to 3/8, which 
is ascribed to an increase of divergence angle at LPI 7, a 
solid arrow in the main figure. 

In connection with the latter transition, it is worth a 
remark that divergence angle in the 2/5 phyllotaxis regime 
is not held at an ideal constant value of 144° (360 x 2/5 = 
144). This means that five ranks (orthostichies) of a real 
2/5 pattern is not equally spaced. According to Fig. HI 
two full turns (360° x 2) of the 2/5 pattern is divided 
roughly into unequal parts of 140° x 4-1- 160° x 1, instead 
of a regular spacing with 144° x 5. The figure shows that 
the irregular shift at LPI 7 is shared with LPI 12. This 
is just as expected for the 2/5 arrangement (7 -I- 5 = 12). 
Similarly, a cycle of 360° x 3 of a 3/8 pattern is divided into 
137° X 7-1-120° X 1, as indicated by the dashed arrow. Thus, 
the quantitative analysis reveals that divergence angle on 
a stem is a secondary property, as it is very unlikely that 
the exceptional angles of 160° and 120° are intrinsic to the 
plant. Accordingly, the pattern of Fig. [51 is to be viewed 
as a result of secondary processes. 

The final step is to identify the cause of the irregular 
shift in divergence angle. For brevity, let the central (x). 
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Figure 5: A schematic excerpt from Fig. [2] near the transition from 
2/5 to 3/8. The right trace at LPI 5 is denoted as 5R, and 7C 
signifies the central trace at LPI 7. According to Fig. 3] the traces 5R 
and 7C are shifted slightly to the right as compared to the preceding 
(lower) traces. This figure shows that the shift (solid arrow) is caused 
by a longer trace OR intervening between 3R and 5R, thereby the 
transition is initiated. If the length of OR were shorter than five 
internodes, OR should have been aligned with 5R to keep the 2/5 
order, as the preceding IR is with 6R. 
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Figure 6: Distinct patterns of 2/5 and 3/8 orders on the mature stem 
cylinders (bottom) result from similar arrangements of leaf primordia 
at the shoot apical meristems (top). Each dot represents a leaf node, 
through which a dotted line is drawn to demarcate internodes. Leaf 
traces (line segments) are aligned in a 2/5 phyllotaxis pattern if 
their length is greater than three and less than five internodes (left), 
whereas a 3/8 phyllotaxis results if it is greater than five and less 
than eight internodes (right). 



right (a) and left (A) trace of LPI n be denoted as nC, 
nR and nL, respectively. At the transition from 2/5 to 
3/8, the irregular shift of 7C (solid arrow) is accompanied 
by 5R on the right side (Fig. U]). Inspection of Fig. [5] 
reveals that this collective shift is caused as a result of 
OR intervening between 3R and 5R. This is illustrated in 
Fig. [SJ a schematic excerpt from Fig. [21 For this reason, 
the trace OR is indicated by a solid arrow in Fig. [3] as the 
very cause of the phyllotaxis transition from 2/5 to 3/8. 
A horizontal line at five is drawn in Fig.|2]to indicate that 
OR interferes with 5R if only the former length exceeds 
5 — = 5 internodes (cf. Fig.[5])- Indeed, the filled triangle 
at the solid arrow in Fig. [3] lies well above the horizontal 
line at five internodes. Similarly, the trace causing the 
transition from 3/8 to 5/13 is indicated by a dashed arrow 
in Fig.[3l where the upper horizontal line at eight is drawn 
as a threshold length for the transition. 

4. DISCUSSION 



The trace length represented in internode units is an 
important geometric factor as it imposes con straints on 
possib le fractional patterns to be realized {Okabd (|2011 



2012b[) ). The geometric effect invoked in interpreting the 
above results is schematically illustrated in Fig. |6l During 
growth of the shoot apex, the precursor of the vascular sys- 
tem associated with a leaf primordium develops to become 



the leaf trace ( Romberger et al. ( 1993f )l. Both lengths of 



the leaf trace and internode change continuously during 
growth. In this view, the phyllotaxis order to be realized 
on the mature stem is determined depending on the trace 



length represented in internode units. Top two patterns 
in Fig. [S] represent the initial arrangements of the most 
common case of 137.5° angular divergence, whereas their 
growth rates in the radial direction are different, i.e., the 
two pa tterns are chara cterized with different plastochron 
ratios (Richards ( 195l[ )l At this point, the difference is 
not a qualitative but a quantitative one. Leaf traces (line 
segments) in the left pattern traverse about four intern- 
odes, while those in the right pattern traverse about six 
internodes. As the figure shows, a qualitative difference is 
brought about through the quantitative difference in the 
trace length: geometric constraints tend to achieve either 
a 2/5 or 3/8 phyllotaxis on the mature stem depending on 
whether the trace length is shorter or longer than five in- 
ternodes. Experimentally, the difference would be judged 
on whether leaf trace is identified or not in the cross 
section at the level of node 5. In a similar manner, the 
threshold value of the trace length for the transition from 
3/8 to 5/13 order is eight internodes, the denominator of 
the lower order fraction. These are indicated by horizon- 
tal dashed lines in Fig. |21 as already remarked. In terms 
of the threshold length, the phyllotaxis transition is inter- 
preted consistently without resort to operations of elab- 
orate mechanisms like genetic programs; the phyllotaxis 
transitions are caused because changing length of the leaf 
trace happens to cross the threshold values of five and eight 
internodes. As illustrated in Fig. El this view provides a 
consistent explanation of empirical observation that large 
meristems result in arrangements of higher order fractions. 
Unequal distribution of divergence angle noted in Fig. 21 is 
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circumstantial evidence of a unique intrinsic angle close to 
137.5° and secondary distortions therefrom. 

Fibonacci numbers 5 and 8 enter as the threshold val- 
ues because leaf appears close to leaves 5 and 8 (Fig. [S]). 
This in turn is a mathematical consequence of the golden- 
mean angle at the apex. Mathematically, any number 
can be approximated by a common fraction with any as- 
signed degree of accuracy. The greater the denominator, 
the better the approximation. A fast-converging sequence 
of appro ximate fractions is uniquel y determined for a given 
number ( Hardv and Wriglitl ( 197§)). For the golden mean 
0.3820, it is 1/2, 1/3, 2/5, 3/8, 5/13, etc., the main se- 
quence of phyllotaxis. The denominators of these approx- 
imate fractions comprise the index differences of nearby 
leaves, namely the threshold values for the trace length. 
Thus, the geometric interpretation predicts a correlation 
between the fraction index of the phyllotaxis order and the 
trace length represented in internode units. Indeed, it has 
been remarked as a general rule; the higher p hyllotaxis 
order i s asso c iated with the longer leaf trace ([Girolami 
( 19531) : lEsaiil (|l965h V To conclude, the plant in its ma- 
turity, as it were, achieves rational approximations to a 
divergence angle at the apex in conformity with the leaf- 
trace length in internode units. 

Mathematically, the golden mean is the worst "approx- 
imable" real number in the sense that the sequence of the 
approximate fractions converges most badly. In this con- 
nection, it has been commonly mentioned, despite objec- 
tions, that the golden-mean divergence is advantageous be- 
cause leaves are distributed most evenly to sunlight. When 
viewed in the context of this study, the golden-mean diver- 
gence distributes the leaf traces most efficiently to coordi- 
nate the vascular system. Although "phyllotaxis" is the 
arrangement of leaves on a stem according to dictionaries, 
the geometric view on the leaf-trace organization, the ar- 
rangement of leaves in a stem, may shed a new light on the 
long-standing problem of phyllotaxis in vascular plants. 



Henfrey, A., 1870. An elementary course of botany: structural, phys- 
iological and systematic. J. Van Voorst. 

Kuhlemeier, C, 2007. Phyllotaxis. TRENDS in Plant Science 12, 
143-150. 

Larson, P. R., 1980. Interrelations between phyllotaxis, leaf devel- 
opment and the primary-secondary vascular transition in Populus 
deltoides. Annals of Botany 46, 757-769. 

Okabe, T., 2011. Physical phenomenology of phyllotaxis. Journal of 
Theoretical Biology 280, 63-75. 

Okabe, T., 2012a. Systematic variations in divergence angle. Journal 
of Theoretical Biology 313, 20-41. 

Okabe, T., 2012b. Vascular phyllotaxis transition and an evolution- 
ary mechanism of phyllotaxis. http : //arxiv . org/abs/1207 . 2838 

Richards, F. J., 1951. Phyllotaxis: its quantitative expression and 
relation to growth in the apex. Philosophical Transactions of the 
Royal Society of London. Series B 225, 509-564. 

Romberger, J., Hejnowicz, Z., Hill, J., 1993. Plant structure: func- 
tion and development : a treatise on anatomy and vegetative 
development, with special reference to woody plants. Springer- 
Verlag. 



References 

Adam, J., 2006. Mathematics in Nature: Modeling Patterns in the 
Natural World. Princeton University Press. 

Adler, L, Barabe, D., Jean, R. V., 1997. A history of the study of 
phyllotaxis. Annals of Botany 80, 231-244. 

Braun, A., 1835. Dr. Carl Schimper's Vortrage iiber die Moglichkeit 
eines wissenschaftlichen Verstandnisses der Blattstellung, nebst 
Andeutung der hauptsachlichen Blattstellungsgesetze und Ins- 
besondere der Neuentdeckten Gesetze der Aneinanderreihung von 
Cyclen Verschiedene. Flora 18, 145-191. 

Church, A. H., 1920. On the interpretation of phenomena of phyl- 
lotaxis. Botanical memoirs. Hafner Pub. Co. 

Coxeter, H. S. M., 1961. Introduction to Geometry. Wiley, New York 
and London. 

Esau, K., 1965. Vascular differentiation in plants. New York: Holt, 
Rinehart and Winston. 

Girolami, G., 1953. Relation between phyllotaxis and primary vas- 
cular organization in linum. American Journal of Botany 40, 618— 
625. 

Hardy, C, Wright, E., 1979. An Introduction to the Theory of Num- 
bers. Oxford Science Publications. Clarendon Press. 



5 



